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Using a model Hamiltonian with d-wave superconductivity and competing antiferromagnetic ~AF! interac-
tions, the temperature ~T! dependence of the vortex charge in high-Tc superconductors is investigated by
numerically solving the Bogoliubov–de Gennes equations. The strength of the induced AF order inside the
vortex core is T dependent. The vortex charge could be negative when the AF order with sufficient strength is
present at low temperatures. At higher temperatures, the AF order may be completely suppressed and the
vortex charge becomes positive. A first-order-like transition in the T-dependent vortex charge is seen near the
critical temperature TAF . For an underdoped sample, the spatial profiles of the induced spin-density wave and
the charge-density wave orders could have stripelike structures at T,Ts , and change to two-dimensional
isotropic ones at T.Ts . As a result, a vortex charge discontinuity occurs at Ts .
DOI: 10.1103/PhysRevB.67.220501 PACS number~s!: 74.20.2z, 74.25.JbFor the past several years, there have been intensive stud-
ies on the vortex physics in high-temperature superconduct-
ors ~HTS!. It is well established now that the d-wave super-
conductivity ~DSC! with a competing antiferromagnetism
~AF! order plays an important role in determining the vortex
structure of HTS. Many theoretical studies1–10 have shown
that the AF order may appear and coexist with the underlying
vortices. Experimental facts including neutron-scattering,11
moun spin rotation measurement,12 and nuclear-magnetic-
resonance ~NMR! experiments13,14 have provided a strong
support to the existence of AF order inside the vortex core in
appropriately doped HTS. On the other hand, the electrical
charge associated with the vortex in superconductors has also
been paid considerable attention both theoretically15–20 and
experimentally.21,22 Based on the BCS theory, Blatter et al.16
pointed out that for an s-wave superconductor, the vortex
charge is proportional to the slope of the density of states at
the Fermi level. However, the NMR and nuclear quadrupole
resonance ~NQR! measurements on YBa2Cu3O7 and
YBa2Cu4O8 ~Ref. 21! seemed to obtain results for the vortex
charge, contradictory to that predicted from the existing BCS
theory with respect to both the sign and the order of magni-
tude. In addition, if the impact of vortex charge on the mixed
state Hall signal is considered,15 the sign estimated from Hall
effect experiments22 for various HTS materials disagrees
with the prediction of BCS-type theory. In view of these
points, together with the fact that the strong electron corre-
lation with the d-wave superconducting pairing was not con-
sidered for the vortex charge, we carried out the previous
studies20 at zero temperature and found that the vortex
charge in HTS is strongly influenced by the presence of the
induced AF order in the vortex core. The charge carried by a
vortex is always positive for a pure d-wave superconductor,
and it becomes negative when there is sufficient strength of
AF order in the vortex core.20 Since most relevant experi-
mental phenomena have been observed at finite T not close
to zero, including the sign change of the mixed state Hall
effect,22 it is necessary and valuable to study theoretically the
vortex charges at finite T, which so far have not been ad-
dressed in the literature.0163-1829/2003/67~22!/220501~4!/$20.00 67 2205In this paper, we shall investigate the vortex charge as a
function of T for both optimally doped and underdoped HTS
in detail. Our calculation will be based on the model Hamil-
tonian on a square lattice with a nearest-neighboring attrac-
tive interaction VDSC describing the DSC and an on-site
Coulomb repulsion U representing the competing AF order.
We shall adopt a well-developed numerical scheme23 to
study the vortex structure. Our numerical results at finite T
confirm that the sign of the vortex charge is still determined
by the AF order in the vortex core, being consistent with our
previous work.20 The vortex charge could be transformed
from negative to positive values as T is increased to a critical
value TAF such that the AF order is completely suppressed at
T.TAF , and the transition seems to be a first-order-like. For
an underdoped sample, we show that the symmetry of the
induced spin-density wave ~SDW! and the charge-density
wave ~CDW! may change from stripelike to two-
dimensional-like at a critical temperature Ts . A discontinuity
of the T-dependent vortex charge also appears at Ts .
The effective mean-field Hamiltonian describing both
DSC and SDW orders on a two-dimensional lattice can be
represented as
H52 (
i , j ,s
t i jc is
† c js1(
i ,s
~Unis¯ 2m!cis
† cis
1(
i , j
~D i jc i↑
† c j↓
† 1H.c.!, ~1!
where cis
† is the electron creation operator and m is the
chemical potential. In the presence of magnetic field B per-
pendicular to the plane, the hopping integral can be ex-
pressed as t i j5t0exp@i(p/F0)*rj
riA(r)dr# for the nearest-
neighboring sites i and j. A Landau gauge A5(2By ,0,0) is
chosen. The two possible SDW and DSC orders in cuprates
are defined as D i
SDW5U^ci↑
† ci↑2ci↓
† ci↓& and D i j
5VDSC^ci↑c j↓2ci↓c j↑&/2, where U and VDSC represent, re-
spectively, the interaction strengths for the two orders. The©2003 The American Physical Society01-1
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the resulting Bogoliubov–de Gennes equations self-
consistently,
(j S Hi j ,s D i jD i j* 2Hi j ,s¯* D S u j ,s
n
v j ,s¯
n D 5EnS ui ,snv i ,s¯n D , ~2!
where the single-particle Hamiltonian Hi j ,s52t i j
1(Unis¯ 2m)d i j , and ni↑5(nuui↑n u2 f (En), ni↓5
(nuv i↓
n u2@12 f (En)# , and D i j5(VDSC/4)(n(ui↑n v j↓n*
1v i↓* u j↑
n )tanh(En/2kBT), with f (E) as the Fermi distribu-
tion function. The DSC order parameter at the ith site
is D i
D5(D i1ex ,i
D 1D i2ex ,i
D 2D i ,i1ey
D 2D i ,i2ey
D )/4, where D i jD
5D i jexp@i(p/F0)*ri
(ri1rj)/2A(r)dr# and ex ,y denotes the unit
vector along x and y directions. In our calculation, the related
parameters are chosen as t5a51, VDSC51.2, the linear di-
mension of the unit cell of the vortex lattice is Nx3Ny540
320. This choice corresponds the magnetic field B.37 T.
In the absence of the magnetic field and for optimally
doped sample (d50.15), the parameters are chosen in such a
way that only DSC ~with Tc;0.164) prevails in the system.
Our numerical results with U52.2 indeed show that the AF
order is induced at low temperature and is suppressed when
T is larger. The spatial profiles of the superconductivity order
parameter, staggered magnetization, and the charge density
near the vortex core are plotted at two different temperatures
in Fig. 1. Here, the staggered magnetization of the induced
AF or SDW order is defined as M s
i 5(21) iD iSDW/U . The AF
order is generated in the region where the DSC order param-
eter is partially suppressed. The low-temperature results at
T50.02 are shown in Figs. 1~a! to 1~c!, where the AF order
is nucleated and spreads out from the core center, and the
vortex charge is negative. The induced AF order behaves
similar to a two-dimensional SDW with the same wavelength
in the x and y directions. The higher-temperature results at
T50.05 are shown in Figs. 1~d! to 1~f!, where the AF order
is completely suppressed and the vortex charge becomes
positive. The appearance of the SDW order pinned by the
vortex lattice at low T strongly enhances the net electron
density ~or depletion of the hole density! at the vortex core as
shown in Fig. 1~c!. The present result is consistent with that
of Ref. 20 where the doping and U-value dependences of
vortex charges are examined. Both works reach the same
conclusion: the vortex charge is negative when a sufficient
strength of SDW order is induced, while it becomes positive
with the suppression of the SDW order due to increasing the
T or doping level, or decreasing the U value.
Figure 2~a! plots the phase diagram of T versus U for
positively ~hole-rich! and negatively ~electron-rich! charged
vortices. It is obvious that the AF vortex core can easily be
induced in the low-temperature regime or with a stronger AF
interaction U, while the pure DSC core tends to exist in the
high T or smaller U. The electron density inside the core is
higher than the average density in the low-temperature re-
gion, while the electron density becomes lower than the av-
erage in the high-temperature region. There exists a clear
boundary between these two phases. To estimate the vortex22050charge, we first determine the vortex size by examining the
spatial profile of DSC order parameter. Next, we sum over
the net electron density inside the vortex core. In Fig. 2~b!,
we depict the chemical potential versus T at a fixed doping
level (d50.15 with U52.4 and U52.2). The result ~solid
line! for U52.4 exhibits a first-order-like transition at TAF
;0.077, indicating the existence of induced AF order below
this critical temperature. For U52.2, the result ~dashed line!
FIG. 1. Spatial variations of the DSC order parameter D i
D @~a!
and ~d!#, staggered magnetization M i
s @~b! and ~e!#, and net electron
density ni @~c! and ~f!# in a 20320 lattice. The left panels @~a!–~c!#
and the right panels @~d!–~f!# are for T50.02 and T50.05,
respectively. The averaged electron density is fixed at n¯50.85
and U52.2.
FIG. 2. ~a! Phase diagram of interaction strength U versus tem-
perature T for positively and negatively charged vortices at optimal
doping d50.15. ~b! Temperature dependence of chemical potential
for U52.4 and U52.2.1-2
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be seen in Fig. 2~b!. The above finding may be closely re-
lated to the experimental results for underdoped TlBa2Cu4O8
~Ref. 14! where the vortex core with induced AF order below
TAF was reported. Also from Fig. 2~b!, a discontinuity in the
slope of the T-dependent chemical potential at TAF for both
cases can be clearly observed. We expect that the local den-
sity of states ~LDOS! of the vortex core should have double
peaks5,7,10,25,26 near zero bias for T,TAF ; while for T
.TAF only a single broad zero-bias peak can appear in the
LDOS as one of the essential characteristics of DSC.23 It
would be interesting to measure this temperature evolution in
the LDOS by future scanning tunnel microscopy ~STM! ex-
periments. Also, interestingly, even though the origin of the
Hall sign anomaly in HTS is still debatable,24 the vortex
charge could make an additional contribution to the sign
change in the mixed state Hall conductivity.15 As a result, we
predict that a sign reversal in the Hall signal may occur at T
not too far below TAF .
In Fig. 3, we plot the vortex charge number Qv /e as a
function of T for three typical U values, where e,0 is the
charge of an electron. The T dependence of the induced stag-
gered magnetization M s
c at the vortex core center has also
been examined in previous studies27,28 where the induced AF
order is shown to disappear for T.TAF . From Fig. 3 and for
U52.4, one can clearly see an abrupt jump in the number of
vortex charge Qv /e as T varies around TAF;0.077, which is
consistent with the critical temperature as shown in Fig. 2~b!.
This positive to negative vortex charge transition seems to be
first-order-like. The magnitude of the discontinuity reduces
to one-third when U52.2 at TAF;0.04. Here, the disconti-
nuity occurs at the positive to positive vortex charge transi-
tion, not the positive to negative transition as studied in the
case of U52.4. This is because slightly below TAF , the
induced AF order is too weak to make the vortex charge
negative. For a pure DSC case with U50, the vortex charge
Qv is always positive and its magnitude first increases
FIG. 3. The temperature dependence of the number of vortex
charge Qv /e for U52.4 ~solid line!, U52.2 ~dotted line!, and
U50 ~dashed line!. The averaged electron density is fixed
at n¯50.85.22050slightly with T and then decreases to zero as T approaches to
Tc . The critical temperature TAF is U-value dependent or
sample dependent. The larger U corresponds to larger TAF .
These results confirm that the vortex charge is strongly in-
fluenced by two competing effects: the suppression of the
DSC order at the core center leading to the depletion of
electrons, and the induction of the AF order which favors the
accumulation of electrons. The condition for the negative
vortex charge to appear depends solely on whether there is
sufficient AF order inside the vortex core. We emphasize that
our results are robust and indifferent to band parameters, and
should give a qualitative description on the vortex physics
in HTS.
In the following, we are going to investigate the tempera-
ture dependence of the vortex charge for the underdoped
HTS (d50.12). For U52.4, the spatial profiles of the stag-
gered magnetization and electron density near the vortex
core at three different temperatures are plotted in Fig. 4. As
discussed in our previous work,7 the parameters used to ob-
tain Fig. 4 yield stripelike structures in the DSC, SDW, and
CDW order parameters at very low-temperature. In the
present work, the DSC and SDW orders coexist in under-
doped sample below Tc , which implies TAF.Tc . So the
question arises: will these stripelike structures persist with
increasing temperature? From our calculations, the spatial
profiles of these order parameters may go through three dif-
FIG. 4. Spatial variations of the local electron density ni for
various temperatures ~a! T50.0, ~b! T50.11, and ~c! T50.17. The
strength of the on-site repulsion U52.4. The averaged electron
density is fixed at n¯50.88.1-3
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bution of SDW (M s) and CDW (ni) orders exhibit quasi-
one-dimensional stripelike behavior @see Figs. 4~a! and 4~b!#.
When T is raised to T50.11 above a characteristic tempera-
ture Ts (;0.1), the symmetry of the patterns change to iso-
tropic and two dimensional @see Figs. 4~c! and 4~d!#. Above
Tc (;0.16) and at T50.17, the residual AF and electron
density become uniform, as shown in Figs. 4~e! and 4~f!. The
AF order vanishes when T.TAF .
Finally, we display the temperature evolution of the vor-
tex charge number Qv /e for the underdoped case d50.12
with U52.4 and U52.2 in Fig. 5. Comparing with Fig. 3,
the magnitudes of vortex charges for both cases in Fig. 5 at
low-temperatures become larger as a result of stronger AF
order near the vortex core in underdoped samples. For U
52.4, the Qv /e versus temperature curve ~see the solid line
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Recently, STM experiments29,30 showed the existence of
inhomogeneities in the electron density even for the opti-
mally doped Bi2Sr2CaCu2O81x , there the hole density var-
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By increasing T, the number of negatively charged vortices
decreases, while that of positively charged vortices increases.
This may have a profound effect on the mixed state transport
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long-range Coulomb interaction on the charge distributions
using the Poisson equation. Our results show that its influ-
ence on the vortex charge is weak and there is no qualitative
change in our conclusion. Finally, we wish to point out that
our numerical study has been performed in a strong magnetic
field. So far we are not able to extend this calculation to a
much weaker field. However, according to the extrapolation
scenario,20 the magnitude of the induced AF order follows
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should give a consistent description to the behavior of vortex
charges in HTS.
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